Abstract. Past earthquakes have shown the high vulnerability of existing masonry buildings, particularly to out-of-plane local collapse mechanisms. Out-of-plane response is one of the most debated topics in the last decades, because of its complex nature as for geometrical nonlinearity, energy damping, record sensitivity. In this work is considered a monolithic wall, resting on a foundation, restrained by a flexible diaphragm. The wall rocks around two base pivots and has one degree of freedom. Its thickness is explicitly accounted for, and the diaphragm is modelled as a linear-elastic spring and a concentrated mass. The non-linear equation of motion is presented, within a lagrangian approach. The energy dissipation is associated to the impact of the wall against the foundation. The effect of size of the wall, diaphragm stiffness and mass are evaluated through parametric analyses. Neglecting the diaphragm mass, the results can be interpreted also as related to a wall restrained at the top by tie-rods.
INTRODUCTION
Earthquakes of the past have shown the great vulnerability of unreinforced-masonry (URM) structures to out-of-plane (OOP) loading (e.g., [1, 2, 3] , and references therein). URM buildings are particularly vulnerable if connections to transversal structures are non-existent or inadequate (e.g., [4] , and references therein). However, even if such connections are robust, flexible diaphragms can limit their effectiveness (Fig. 1) .
The OOP response of URM connected to a flexible diaphragm has received a comparatively little attention in the past. ABK [5] performed tests on walls acted by two (top and bottom) independent actuators, in order to simulate a possible filter effect of a diaphragm. They suggested stability charts for a mechanism having a base pivot, a top roller and an intermediate hinge.
Simsir et al. [6] performed shaking-table tests on a single-storey, single-cell house having a flexible top floor. The authors proposed a single-bar and a two-bars models for replicating the laboratory time histories. Derakhshan [7] proposed an analytical model of a single-storey or a two-storey wall connected to flexible diaphragms. The equations of motion are obtained after a series expansion of trigonometric terms up to second order, with equivalent linear rotational springs simulating the wall-segments response. Penner [8] performed experimental tests on walls having a flexible top restraint and simulated them by means of a commercially-available rigid-body software.
In this paper a wall connected to a flexible restraint will be considered. The restraint can be at any height of the wall, and the thickness of the latter is accounted for. The wall cannot crack along its height, so only a base pivot will be considered. Friction is assumed to be large enough to prevent sliding both at the base and at connection with the diaphragm. A parametric analyses investigates the sensitivity to wall geometry, diaphragm features, ground motion intensity measures. 
ANALYTICAL MODEL
In the technical literature most of the interest has been so far concentrated on a single rocking body, resting on a foundation, without any top restraint (e.g., [9] , and references therein). However, in several cases a masonry wall supports a top horizontal structure. If a tie-rod or a connection to the floor is present, a top restraint can be introduced in the model. Due to this topology, the wall may rotate as a single body or crack along its height. The latter case is typical of slender walls [10] , but will not be discussed here. The former case is typical of squatter walls or walls with comparatively small mass with respect to the diaphragm and to the masonry bonding strength [6] . In the following a model of a rocking body, having finite thickness and an horizontal flexible restraint, modelled as a spring, is developed (refer to Fig. 2a) . The spring can be in a generic vertical position, not necessarily at the top, but at the centre of the wall thickness in order to preserve vertical symmetry.
Equation of motion
The analytical equation of motion is derived within a lagrangian approach [11] :
where:
T is the kinetic energy, V is the potential energy, t is the time,θ is the angular velocity, θ is the angular displacement, Q is the non-conservative force.
In the case at hand, the kinetic energy is equal to:
where: I G is the moment of inertia of the body about its centre of mass, G (refer to Assuming a flat base and neglecting any indentation of the pivot with respect to the geometrical corner of the wall, the potential energy is equal to:
where: g is the gravity acceleration; P G,A,y , P D,A,y are the y-component of position vectors; k d is the stiffness of the spring; S D,A,x is the x-component of displacement vector (refer to Fig. 2c ). The non-conservative force Q is obtained after derivation of the virtual work W :
The virtual work is obtained as: By substituting all the terms in Eq. (1), one can find the following second order non-linear differential equation:
where:θ = angular acceleration of the body; 
γ(θ) = fracture function; θ u = fracture rotation (refer to Fig.3 ). The restraint is assumed as a linear-elastic spring, effective up to a limit displacement related to a limit rotation θ u . Hence, the spring is active only if the fracture function γ(θ) = 1 (refer to Fig. 3 ). A qualitatively similar restraint has been considered in [13] , where it anchored a block to its foundation. In some of the following analyses an additional condition will be set on the rotation causing the failure of the wall-spring connection. Once this connection has failed the wall will still carry the additional mass but will lose the contribution N 3 in Eq. (2). This condition can be considered representative of a facade losing the contribution of tie-rods. If the failure of the spring is considered as the ultimate limit state, the following plots shall be considered as meaningful up to the limit rotation θ u /α.
It is possible to emphasise that if m d = 0 the results can be interpreted as related to a wall restrained by tie-rods. If, additionally, χ = 0, the equation of motion reduces to that by Housner [14] .
The condition of minimum ground acceleration for the initiation of motion from rest, when subjected to a base excitation, is given by:ẍ g tan α (g +ÿ g ). The condition for overturning is θ = π/2. In case of overturning, for the sake of simplification of the following plots, normalised maximum rotation will be set equal to unity.
Dissipation of energy
Eq. (2) has no damping term. During the rocking motion the block impacts the base and a change of hinge from one corner to the other takes place. A loss of energy is associated to this switch of hinge, through a reduction of velocity after impact. This velocity is derived by assuming the conservation of angular momentum at the instant of impact [14] , considering the position of the centre of mass G . Experimentation on free rocking walls has shown that the analytical coefficient of restitution must be reduced by approximately 5 % [15] . Although this value was obtained for free-standing walls, it will be assumed also for the case at hand.
The solution of Eq. (2) is obtained through a state-space formulation and a Runge-Kutta method with variable time step in a Matlab environment. The impacts, spring fracture, and overturning are detected through an event strategy.
PARAMETRIC ANALYSIS
The derived equation of motion is used to evaluate the effect of wall aspect ratio and size, diaphragm mass, diaphragm stiffness, spring displacement capacity, ground excitation. Based on [10] and maximum values of the geometric parameters of the combined system result α = 0.03, 0.26 rad and R = 1.50, 6.92 m. As for diaphragm stiffness, Derakhshan [7] suggested as minimum and maximum values approximately 100 and 5000 kN/m. These values are considered relevant for New Zealand and North American buildings. Consequently, five values of diaphragm stiffness are chosen: k d = [0, 100, 500, 1000, 5000] kN/m. Displacement capacity of diaphragms is simply varied parametrically, θ u /α = [0.2 : 0.2 : 1.0]. A much larger maximum value, 10, has been also considered but is not plotted in the following, because delivers results rather similar to θ u /α = 1.0. It is worth mentioning that Wilson [16] suggested a diaphragm limit displacement equal to 70% of the wall thickness.
Twenty five acceleration natural records have been selected in order to cover a wide range of amplitude, frequency content, distance from the source, magnitude, source mechanism. The accelerograms are mostly the same in [17] , with the addition of a few records related to more recent seismic events [18] . Only horizontal components of ground motion are considered. Some basic details of the accelerograms are shown in Table 1 .
The total number of analyses computed is equal to 30 000. The response of the wall is plotted as normalised maximum rotation (y-axis), and as a function of α (x-axis) plus one of the parameters previously mentioned. (Table 1) .
Effect of wall size
It is well known in the literature that, other things being equal, rocking systems benefit from a larger size [14, 17] . This is the case also here, if the stiffness of the spring is comparatively small (refer to Fig. 4a) . However, if the stiffness is increased the role of this so-called "scale effect" becomes less significant, and actually a "reversed scale effect" can be observed (refer to Fig. 4b ). This appears to be so because the stability of the wall relies more and more on the spring. Nonetheless, the same spring, having constant stiffness, is used for walls of different size and, thus, weight. Consequently, the spring is more effective for small (lighter walls), than for large (heavier) walls.
Effect of diaphragm mass
The effect of non-dimensional diaphragm mass is investigated in Fig. 5 . There it is possible to notice that increasing the floor mass, the response increases. This behaviour can be linked to the increase of the height of the centre of mass of the combined system, making the system more slender through a smaller angle α (refer to Fig. 2b ). This effect, detrimental on stability, is not compensated by the beneficial increase of size, R , associated to the additional floor mass.
Effect of diaphragm stiffness
In Fig. 6 the stiffness of the diaphragm is varied parametrically. The relevance of this parameter is dramatic, with large values of k d significantly reducing the maximum rotation. Of course this depends on the assumption of a single-body mechanism. If the spring is that stiff and the connection is adequately robust, a different mechanism (with an intermediate hinge [10] ), can be triggered and needs to be assessed. Low values of the stiffness show a less predictable behaviour, and the scattered response typical of rocking systems prevails. a) (Table 1) . b) Occurrence of overturning, varying nondimensional fracture rotation, over the entire range of parametric analyses. For θ y /α = 1.0, no overturning occurs. Record TCU129 (Table 1) .
Effect of displacement capacity of the spring
The role of the displacement capacity of the spring is investigated in Fig. 7 . Reducing the fracture rotation will cause an increase in the wall response, because the contribution N 3 in Eq.
(2) will be lost. This is evident both in terms of maximum rotation (refer to Fig. 7a ) and in terms of occurrence of overturning (refer to Fig. 7b ). The effect is less relevant for large values of α because, in this case, the wall is stable in itself.
Effect of ground acceleration record
The record-to-record sensitivity is investigated in Fig. 8 . There the accelerograms are sorted for descending PGV (Peak Ground Velocity). The response shows an increasing trend for increasing PGV, as already observed in the literature for rocking systems ( [19] ), but this intensity measure is not sufficient to explain the observed behaviour. Some records (e.g., STURWE, a) YPT330, SECREN27) show a comparatively low maximum amplitude, despite the rather high PGV. In such cases the motion is not activated, or is barely activated, because the minimum acceleration is comparable with the PGA (Peak Ground Acceleration) of the record. The opposite takes place when, for similar PGV, the PGA is rather large (e.g., KJM000, LLOLLN10). Finally, it is possible to notice that an increasing stiffness of the restraint makes the response less scattered.
CONCLUSIONS
In this paper the non-linear equation of motion of a single-body wall supporting an additional mass and restrained by an elastic spring has been derived. The wall has a flat base and no indentation at the pivot corners. The spring may represent both a flexible diaphragm and a strengthening intervention through tie-rods.
The equation is used to investigate the sensitivity to a number of parameters. Some of these are related to the wall geometry. The response decreases with a decreasing aspect ratio (height/thickness ratio). Similarly it decreases with an increasing size of the wall. This latter effect is evident if the stiffness of the diaphragm is comparatively low. However, if the stiffness becomes substantial, a "reversed scale effect" can be observed: the larger the wall the larger the response because the wall is heavier and the spring becomes less effective.
Other parameters are related to the diaphragm. Increasing its mass, compared to the wall, will cause an increase in the maximum rotation, because the centre of mass of the combined system is shifted to the top. The stiffness of the diaphragm is a parameter that dramatically influences the results. High, but still reasonable, values of the stiffness can substantially limit the response. However, in such case, it is necessary to check the robustness of the connections and the activation of a different mechanism, displaying an intermediate hinge. The displacement capacity of the restraint is also significant, because after the premature failure of the spring the stability of the system will rely on its geometry alone.
Record sensitivity is reduced by an increasing spring stiffness. Moreover, the system displays a sensitivity to Peak Ground Velocity, as observed in the literature for other rocking systems. However, this intensity measure is not sufficient to explain completely the observed response. In fact, due to the assumed flat base, sometimes the motion is not activated or it is barely activated.
The study needs to be completed investigating both ground motion characteristics (especially the role of the vertical component), wall characteristics (imperfections and indentations at the base), diaphragm characteristics (position with respect to wall height, displacement capacity and asymmetric -internal-external -behaviour), characteristics of the connection between wall and diaphragm (in order to establish possible dynamic amplifications and the role of an elasto-plastic response), and to consider this mechanism within a wider framework where other mechanisms are also accounted for.
